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In this article, we propose a physical condition to extend interior isotropic solutions to anisotropic
domains by gravitational decoupling in the framework of the Minimal Geometric Deformation ap-
proach. In particular, it is found that by using an expression reminiscent of the classical anisotropy
factor, we can close the decoupling system of equations and a new anisotropic solution can be found.
As an example, we extend the well–known Tolman IV.
I. INTRODUCTION
General Relativity [1] (GR hereafter) is usually accepted as one of the most successful theories in the context of
modern physics. This theory represents a mathematical model parameterized by a set of differential equations usually
supplemented by some additional conditions which let us to obtain information regarding the physical world. Also,
GR has been successfully applied to exterior solutions (i.e., black holes and cosmological solutions) as well as interior
ones (i.e., relativistic compact stars). Precisely, the latter case has been widely analyzed considering first the simplest
cases (i.e., perfect fluids) and second, taking more complicated, and therefore realistic situations (i.e., imperfect
solutions). In this respect, it is essential to point out the seminal work of Tolman [2], who introduced one of the most
famous and useful perfect fluid solution found up to now. Along years, a great number of isotropic solutions have been
considered (see [3–7] and references therein), but undoubtedly, the more interesting cases emerge when the fluid is
indeed anisotropic (see also [8–10]). Such interest is well justified given that the physics inside compact (relativistic)
stars is quite complicated and non-linear physics takes place. Thus, certainly could be more appropriate the study of
anisotropic fluid to get insight about the physics in such extreme situations. In the context of anisotropic solutions,
the history have started largely around 30’s. To be more precise, the idea of “local anisotropy” in the context of GR
was first noticed by G. Lemaitre [14]. In that seminal paper, the compactness factor (i.e., the ratio between the total
mass and the radio of the stellar distribution) was introduced. Although some progress was made, it was just after the
paper of Bowers and Liang [15] when the effect of anisotropic fluid was indeed taken seriously. Taking as inspiration
the aforementioned work, L. Herrera, G. Ruggeri and L. Witten studied the stability problem as well as the adiabatic
index of anisotropic spheres [16], and later, a general formulation to obtain exact anisotropic solution in relativistic
stars was proposed [17]. Moreover, the evolution of some of the models treated in such papers are investigated in [18].
A decade after those works, a non-trivial feature in relativistic stars was also reported. Such is the case of the now
well-known cracking of relativistic spheres [19] “which results from the appearance of total radial forces of different
signs in different regions of the sphere, once the equilibrium configuration has been perturbed” [19]. A quite detailed
classical review can be consulted in Ref. [20] and an algorithm to find solutions can be found in [21]. Currently, we can
find a robust list of manuscripts where the physics of isotropic/anisotropic stars is investigated, see for example [22–25].
Local anisotropy has been widely studied. Besides the works already mentioned, we have the solutions found by
Bayin [26], Herrera and Ponce de Leon [27, 28], Florides [29], Maartens and Maharaj [30], Melfo and Rago [31]
among others. There are a large number of processes that give rise to local anisotropies: highly dense systems [32],
exotic phase transitions during gravitational collapse [33]. Other sources of anisotropy are found in viscocity [34, 35],
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2collisionless systems [36–38] as well as slow rotating systems [39]. In all the works previously mentioned, solutions
have been found by building suitable models for the matter and solving Einstein’s equations directly.
In this work, in order to deal with anisotropic solutions, we will implement gravitational decoupling in the framework
of the so–called Minimal Geometric Deformation approach (MGD)[40–48]. The MGD method was proposed in
Randall-Sundrum brane-world context [49, 50] but recently has been applied to decoupling gravitational sources
in classical GR [43, 44]. In the same spirit, the method has been applied to extend standard relativistic compact
objects [51–60] as well as black holes, wormholes and even cosmology [61–65]. Also, in dimensions different than four
we can find well-known solutions (see [66–70] and references therein) and beyond standard GR [71–75]. In addition,
MGD has been used to introduce non-trivial deviations to holographic entanglement entropy [76], and the quantum
portrait of a black hole [77]. A particularly powerful feature of the method is that it can handle easily problems
involving anisotropy. To be more precise, in the context of MGD some isotropic model is considered as a sector of
the total solution, so that it becomes in seed which is used to obtain an anisotropic solution of Einstein’s equations.
In this sense, the main advantage of MGD is that it takes a known solution and extends it to more complicated and
not trivial cases. Our purpose in this work will be to find alternative constraints to extend isotropic solutions to
anisotropic domains.
The present work is organized as follow: after this brief introduction, we present the basic equations of GR as well as
the MGD formalism. Then, in section III, we propose and alternative constraint to close the system in the framework
of MGD. Next in section IV we briefly review the results related to the Tolman IV solution and then, in Sect VI,
we show how our map works. Finally, in section VI we will briefly summarize and conclude the main features of the
present article. We adopt the metric signature, (+,−,−,−), and we work in geometric units where c = G = 1.
II. FIELD EQUATIONS AND MGD
In Schwarzschild like coordinates, a static and spherically symmetric geometry is described by the following line
element
ds2 = eνdt2 − eλdr2 − r2(dθ2 + sin2θ dφ2) , (1)
where the metric functions, ν = ν(r) and λ = λ(r), depend only on the radial coordinate. We are interested in solving
the Einstein’s equations for an energy-momentum tensor Tµν of the form
Tµν = T
(o)
µν + αΘµν . (2)
The T
(o)
µν term corresponds to a perfect fluid
T (o)µν = (ρ
(o) + P (o)r )uµuν − P (o)r gµν , (3)
and the Θµν term, describing any extra source, is coupled by means of the parameter α. It is essential to point
out that the additional term αΘµν is not considered a perturbation, i.e., the coupling parameter α could indeed
be larger than unity. Thus, such coupling is introduced in order to control the effect of the unknown anisotropic source.
Now, given the parametrization (1) and the energy-momentum tensor (2), the Einstein’s field equations[78],
Rµν − 1
2
Rgµν = −κTµν , (4)
are written explicitly in components as follows
κ
(
ρ(o) + αΘ00
)
=
1
r2
+ e−λ
(
λ′
r
− 1
r2
)
, (5)
κ
(
P (o)r − αΘ11
)
= − 1
r2
+ e−λ
(
ν′
r
+
1
r2
)
, (6)
κ
(
P (o)r − αΘ22
)
=
1
4
e−λ
(
2ν′′ + ν′2 − λ′ν′ + 2ν
′ − λ′
r
)
, (7)
3where the primes denote derivatives with respect to radial coordinate. The left hand side of these equations can be
related with effective the quantities
ρ˜ = ρ(o) + αΘ00 , (8)
P˜r = P
(o)
r − αΘ11 , (9)
P˜⊥ = P (o)r − αΘ22 . (10)
Note that, as in general Θ11 6= Θ22, we find that the system corresponds to an anisotropic fluid by construction. It is
important to remark that since the Einstein tensor in (4) is divergence free, the total energy-momentum tensor (2)
must satisfy the condition
∇νTµν = 0 , (11)
which can be interpreted as a conservation equation. If we calculate the conservation equation, the radial component
is given by
P ′(o)r +
ν′
2
(
ρ(o) + P (o)r
)−α[Θ′11 − ν′2 (Θ00 −Θ11)− 2r (Θ22 −Θ11)]= 0 , (12)
from where it is straightforward that the Θµν tensor undoubtedly disturbs the energy configuration of the correspond-
ing stellar object. Also, when the coupling constant α (value which parameterizes the new anisotropy) is taken to
be zero, we recover the usual (isotropic) solution. The last equation corresponds to the improved version of the well-
known Tolman-Oppenheimer-Volkov (TOV) equation. At this level, it is essential to note that Eq. (11) is satisfied
and, given that we know that for a perfect fluid satisfies ∇νT (o)µν = 0, then the following condition must necessarily
be fulfilled
∇νΘµν = 0 . (13)
The above conditions express the fact that there is no exchange of energy momentum between the perfect fluid and
source Θµν , the interaction is purely gravitational. A detailed discussion regarding how this method works can be
found in [41, 44, 50, 51] and references therein. So, we will circumvent technical details to focus on the underlying
physics.
To find a complete solution to the Einstein’s equations and, in order to fix the parameters involved, some exterior
solution need to be considered. Given that we are in presence of a four dimensional spacetime, without charge or
angular momentum, then it is suitable to use the most canonical exterior solution. That is the reason why we will
use the Schwarzschild exterior solution
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
)−1
dr2 − r2dΩ2 , (14)
with dΩ2 = dθ2 + sin2θ dφ2. Then, in order to match the two metrics, interior (1) and exterior (14) on the boundary
surface Σ, we require
eν
∣∣∣
Σ
=
(
1− 2M
r
) ∣∣∣∣∣
Σ
, (15)
eλ
∣∣∣
Σ
=
(
1− 2M
r
)−1 ∣∣∣∣∣
Σ
, (16)
Pr(r)
∣∣∣
Σ
= 0 , (17)
which corresponds to the continuity of the first and second fundamental form across the surface Σ.
The MGD scheme prescribes that the metric coefficients are modified as
ν −→ ν , (18)
e−λ
(o) −→ e−λ(o) + αf , (19)
4where f ≡ f(r) is the so-called deformation function and, in this case, depends on the radial coordinate only. Now,
when we replace (18) and (19) in Eqs. (5), (6), (7) , we are able to split the complete set of differential equations into
two subset as follows. The first one satisfies the Einstein’s field equations for the perfect fluid, i.e.,
κρ(o) =
1
r2
+ e−λ
(o)
(
λ′(o)
r
− 1
r2
)
, (20)
κP (o)r = −
1
r2
+ e−λ
(o)
(
ν′
r
+
1
r2
)
, (21)
κP (o)r =
1
4
e−λ
(o)
(
2ν′′ + ν′2 − λ′(o)ν′ + 2ν
′ − λ′(o)
r
)
, (22)
with the conservation law
∇νT (o)µν = 0. (23)
The second set corresponds to a system of equations for f , namely
κΘ00 = −
f
r2
− f
′
r
, (24)
κΘ11 = −f
(
ν′
r
+
1
r2
)
, (25)
κΘ22 = −
f
4
(
2ν′′ + ν′2 + 2
ν′
r
)
− f
′
4
(
ν′ +
2
r
)
, (26)
with the elements of Θµν satisfying the equation
Θ′11 −
ν′
2
(Θ00 −Θ11)−
2
r
(Θ22 −Θ11) = 0. (27)
Notice that, although the above system looks similar to the canonical Einstein fields equations, the prefactor 1/r2
is absent in the right-hand side of Eqs. (24) and (25), reason why we can not identify the spherically symmetric
Einstein field equations with radial metric component f(r). Thus, given such discrepancy, the aforementioned system
is called a “quasi-Einstein system”, as was introduced in [43]. However, it worth noticing that although the above
system does not have the standard form of Einstein’s equations, the conservation Eq. (27) corresponds to the TOV
equation for the decoupling sector. Indeed, (27) is a linear combination of the Eqs. (24), (25) and (26).
III. ALTERNATIVE CONSTRAINT ON THE DECOUPLING SECTOR
In order to extend any isotropic solution in the framework of MGD, extra information regarding the Θ–sector,
namely, Eqs. (24), (25) and (26), is required. Indeed, the system corresponds to three equations with four unknown,
{f,Θ00,Θ11,Θ22}. Among all the possibilities, the so called mimetic constraints are broadly used. In particular the
mimetic constraint for the pressure which reads
P (o)r = Θ
1
1 , (28)
leads to an algebraic equation that allows to find the decoupling function, f , analytically. Another possibility is the
mimetic constraint for the density,
ρ(o) = Θ00 , (29)
which yields a differential equation for f that have been use to extend the well known Tolman IV solution. In
this work, we propose an alternative constraint based on the relationship between the different sectors involved. In
particular, the effective quantities given above (see Eqs. (8), (9) and (10)), suggest us to re-interpreted such equations
in a more convenient way. First, recall that the well–known anisotropy factor is defined as
∆ ≡ P⊥ − Pr . (30)
5where the set {P⊥, Pr} corresponds to the same fluid. This last, and simple, relation reveals that if the system is
isotropic, i.e, ∆ = 0, or not, i.e. ∆ 6= 0. However, in this work we restrict our attention to a sort of pseudo anisotropy
that naturally emerges. To be more precise, note that Eq. (10) can be rewritten as
P˜⊥ − P (o)r = −αΘ22 , (31)
which corresponds to a kind of anisotropy function given by the difference between the transverse pressure of the total
solution and the pressure of the isotropic sector,
∆˜ ≡ P˜⊥ − P (o)r , (32)
which can be thought as a kind of interaction term accounting the effect of one fluid over the other one. In the next
section we shall propose a particular functional form of constraint (32) to extend the Tolman IV solution.
IV. GENERATING NEW EXACT SOLUTIONS
This section is devoted to implement a particular isotropic solution and then verify that we are able to obtain a
reasonable anisotropic solution using the identification we just discussed above. To this end, we shall consider the
well-known Tolman IV model as our seed solution which metric functions read
eν = B2
(
1 +
r2
A2
)
, (33)
eλ
(o)
=
(
1 + 2r
2
A2
)
(
1− r2C2
) (
1 + r
2
A2
) , (34)
that correspond to a solution of Einstein’s equations sourced by
ρ(o)(r) =
3A4 +A2(3C2 + 7r2) + 2r2(C2 + 3r2)
κC2(A2 + 2r2)2
, (35)
P (o)r (r) =
C2 −A2 − 3r2
κC2(A2 + 2r2)
. (36)
The matching conditions (15–17) for this solution are given by the following expressions
1− 2Mo
R
= B2
(
1 +
R2
A2
)
, (37)
1− 2Mo
R
=
(
1− R2C2
)(
1 + R
2
A2
)
(
1 + 2R
2
A2
) , (38)
0 =
C2 −A2 − 3R2
κC2(A2 + 2R2)
, (39)
and therefore we finally obtain
A2
R2
=
R
Mo
− 3 , (40)
B2 = 1− 3Mo
R
, (41)
C2
R2
=
R
Mo
. (42)
Now, using our ansatz (32), we can proceed to apply the MGD method by introducing the anisotropy condition in
Eq. (26) which yield
κ∆˜ =
1
4
f
(
2ν′′ + ν′2 + 2
ν′
r
)
+
1
4
f ′
(
ν′ +
2
r
)
. (43)
The next step consists in to provide a particular form for ∆˜ which leads to a differential equation for the decoupling
function f . We shall explore this in what follows.
6A. A toy model
Let us propose as a pseudo anisotropy the following function
∆˜ = βr2 . (44)
Note that, apart from its simplicity, there is nothing special about this choice of ∆˜. From the metric coefficient (33)
we find that
ν′ =
2r
A2 + r2
, ν′′ =
2(A2 − r2)
(A2 + r2)2
. (45)
Next, after replacing (45) in (44) and solving the differential equation we find
f =
A2 + r2
(A2 + 2r2)3/2
c1 − κβ
15
(A2 − 3r2)(A2 + r2) , (46)
where c1 is an arbitrary integration constant to be obtained later.
Using the prescription (18) and (19), we find that the modified metric coefficients are
eν = B2
(
1 +
r2
A2
)
, (47)
e−λ
(1)
= e−λ
(0)
+ α
[ (
1 + r
2
A2
)
A
(
1 + 2r
2
A2
)3/2 c1 − κβ15A4
(
1− 3r
2
A2
)(
1 +
r2
A2
)]
. (48)
The superindex (1) indicates that we are considering the first application of the method. At this level, we can fix the
value for the integration constant c1 noticing that we want to interpret the metric coefficient as e
−λ(1) = 1− 2m1/r,
so that by consistency, the radial metric coefficient should satisfied [4]
e−λ
(1) −→ 1 when r → 0 , (49)
and therefore, using these condition we find that the integration constant that appear in (46) is fixed to
c1 =
κβ
15
A5 . (50)
With this value for c1 the new metric coefficient in MGD is
e−λ
(1)
= e−λ
(o)
+ α
κβ
15
A4
[ (
1 + r
2
A2
)
(
1 + 2r
2
A2
)3/2 − (1− 3r2A2
)(
1 +
r2
A2
)]
. (51)
Now that we have found the new metric coefficients, we can calculate the new solution.
B. New effective quantities
As discussed above, once we have found the solution for f we can insert this in the pseudo Einstein system and then
find expressions for Θ00 and Θ
1
1. Doing so, we obtain
Θ00 = −
β
15
[
6A2 + 15r2 − A
4
r2
+
A9 −A7r2
r2(A2 + 2r2)5/2
]
, (52)
Θ11 =
β
15r2
(A2 + 3r2)
[
A2 − 3r2 − A
5
(A2 + 2r2)3/2
]
. (53)
7Using these results and the Eqs. (8), (9) and (10), we obtain the new effective quantities corresponding to the
anisotropic fluid
ρ˜ = ρ(o) − 2
5
A2αβ
[
1 +
5r2
2A2
− A
2
6r2
+
1− r2A2
6r2
A2 (1 +
2r2
A2 )
5
2
]
, (54)
P˜r = P
(o)
r −
αβA4
15r2
(
1 +
3r2
A2
)[
1− 3r
2
A2
− 1
(1 + 2r
2
A2 )
3
2
]
, (55)
P˜⊥ = P (o)r + βr
2 . (56)
An anisotropic contribution appears in this solution, this is evident from the fact that P˜r(r) 6= P˜⊥(r).
C. Matching conditions
In the following, we establish the appropriated matching conditions for the modified problem. Using Eqs. (47), (48),
we match the metric coefficients with Schwarzschild exterior solution (14) and also establish the condition over the
radial pressure P˜r(R) = 0. The new matching conditions are
1− 2M1
R
= B2
(
1 +
R2
A2
)
, (57)
1− 2M1
R
=
(
1− R2C2
)(
1 + R
2
A2
)
(
1 + 2R
2
A2
) + ακβ
15
A4

(
1 + R
2
A2
)
(
1 + 2R
2
A2
)3/2 −(1− 3R2A2
)(
1 +
R2
A2
), (58)
0 =
C2 −A2 − 3R2
C2(A2 + 2R2)
− αβA
4
15R2
(
1 +
3R2
A2
) 1− 3R2
A2
− 1(
1 + 2R
2
A2
)3/2
. (59)
Note that these conditions define a new mass M1 for the modified problem. Now, with the help of (38) and the
pressure condition (59) we find that
B2
(
1 +
R2
A2
)
= 1− 2Mo
R
+ αA4
κβ
15
[
(1 + R
2
A2 )
(1 + 2R
2
A2 )
3/2
−
(
1− 3R
2
A2
)(
1 +
R2
A2
)]
, (60)
2M1
R
=
2Mo
R
− αA4κβ
15
[
(1 + R
2
A2 )
(1 + 2R
2
A2 )
3/2
−
(
1− 3R
2
A2
)(
1 +
R2
A2
)]
. (61)
Notice that the condition P˜r(R) = 0 allows to obtain a relation between the constant C and the rest of free
parameters. Also, it is essential to point out that these new matching conditions are consistent with the old ones
when we take the limit α→ 0.
At this level, it is essential to point out that a physically acceptable solution have densities and pressures positively
defined. Also, they have a maximum at the center of the object and decrease monotonically towards the surface.
In Fig. 1 we observe: i) the density profile ρ(r) as a function of the normalized radial coordinate (left panel). We
notice that physical behaviour is adequate, i.e., starting from a maximum value at the center, the density decreases
monotonically as expected. Note also that the isotropic density is lower at the center and higher on the boundary of
the stellar distribution, respect to the anisotropic counterpart. ii) The radial pressure profile versus the normalized
radial coordinated (middle panel). This starts from certain maximum value P˜r(0) ≡ P˜max and decreases going to
zero when r = R. The anisotropic cases are always lower than the isotropic case, further all figures decrease to zero
when r = R, even the isotropic case. Thus, the inclusion of anisotropies in the Tolman IV solution does not introduce
any non-physical feature. Finally, iii) the tangential pressure profile versus the normalized radial coordinate (right
panel). This last quantity decreases as it is expected for interior solutions. We also observe that, albeit we have
take advantage of a sort of pseudo anisotropy factor, the correspondent tangential pressure profile is still physically
well-defined.
80.0 0.2 0.4 0.6 0.8 1.0
1.0
1.5
2.0
2.5
3.0
3.5
4.0
r/R
ρ˜(r)
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
r/R
P˜
r(r)
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
r/R
P˜
t(r)
0.0 0.2 0.4 0.6 0.8 1.0
1.0
1.5
2.0
2.5
3.0
3.5
4.0
r/R
ρ˜(r)
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
r/R
P˜
r(r)
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
r/R
P˜
t(r)
FIG. 1: Parameter values for the first row: A = 1, R = 1, κ = 1, α = 1 with i) β = 0.2288 (solid black line), ii)
β = 0.2512 (dashed blue line), iii) β = 0.2525 (dotted red line), iv) β = 0.2537 (dot-dashed green line). Parameter values
for the second row: A = 1, R = 1, κ = 1, β = 0.25 with i) α = 0.50 (solid black line), ii) α = 0.75 (dashed blue line), iii)
α = 1.00 (dotted red line), iv) α = 1.25 (dot-dashed green line). LEFT: Effective density versus radial normalized coordinate.
MIDDLE: Effective radial pressure versus radial normalized coordinate. RIGHT: Effective tangential pressure versus radial
normalized coordinate.
V. CONCLUDING REMARKS
In this work we have proposed an alternative constraint to close the decoupling sector induced by the minimal
geometric deformation method to extend isotropic solutions. To be more precise, we introduced a pseudo–anisotropy
which can be thought as term that encodes the interaction between two fluids. As an example we used the well–known
Tolman IV solution as a seed and a particular representation for the pseudo anisotropy. Then, after a careful analysis
of the parameters involved, we showed that the system fulfills the requirement of an acceptable physical solution.
Before concluding this work, we would like to point out that if we consider the Eqs. (9) and (10), we can motivate
the appearance of an anisotropy factor using components of the tensor Θµν . So we propose that
∆ = P⊥ − Pr = −(Θ22 −Θ11) , (62)
This anisotropy ∆ is completely analogue to those used in conventional approaches. Furthermore, using equations
(25) and (26), we get the following equation for the deformation function
f ′
4
(
2
r
+ ν′
)
+
f
4
(
2ν′′ + ν′2 − 2ν
′
r
− 4
r2
)
= κ∆ . (63)
Note that if we know the anisotropy factor, it is possible to solve for f because ν is the metric coefficient of the
isotropic seed solution. Once we find f , we can reconstruct the other components of Θµν using the pseudo Einstein
equations and therefore have all the effective quantities.
Another variant consists of study the pseudo–TOV equation (13) which explicitly reads as
Θ′11 −
ν′
2
(Θ00 −Θ11)−
2
r
(Θ22 −Θ11) = 0 . (64)
So, using this equation and expression (62), together with equations (24) and (25) we find that the deformation
function must satisfy
f ′
(
1
r2
+
3ν′
2r
)
− f
(
2
r3
+
ν′
r2
+
ν′2
2r
− ν
′′
r
)
= −2∆
r
. (65)
9Again, once we find f , we can reconstruct the other components of Θµν using pseudo Einstein equations. Alternatives
(63) and (65) can be used to extend isotropic to anisotropic solutions via minimal geometric deformation methodology.
However, these aspects are beyond the scope of this paper and we leave them as future works.
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